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INTRODUCTION 
In a previous paper we determined the automorphisms of the orthogonal 
groups O(V), O+(V), Q(V), and O’(V) of a non-defective finite dimensional 
quadratic space L’ over a field F of characteristic 2. The underlying assump- 
tions in [l] were that F had more than 2 elements and that the dimension 
of V be at least 10. In this paper we remove the assumption of non- 
defectiveness and investigate the automorphisms of the full orthogonal 
group O(v). Our main theorem (4.4 in Section 4) is of the type one expects 
in this situation. Our assumptions include a dimension assumption on the 
dimension of “the” underlying non-defective part of L’ (that it be at least 6) 
and an assumption on F. The assumption on F is weak enough to include 
the case of perfect fields, algebraically closed fields, local fields, and global 
fields-in fact it includes any field where Q(V*) intersects any ternary F2 
subspace of F non-trivially. In particular it is weak enough to be able to 
derive as a corollary the well-known result concerning automorphisms of 
the symplective groups Q,,(F), where 2m > 6 and [F: F2] is finite. 
Our approach utilizes the supply of transvections in O(v). Subject to 
the conditions mentioned above we show that automorphisms of O(V) 
carry transvections to transvections. This enables us to produce a bijection 
of lines to which the Fundamental Theorem of Projective Geometry may 
be applied. The form of the automorphism is then readily obtained. 
1. PRELIMINARIES 
We assume as familiar the basic facts concerning quadratic forms, 
symmetric bilinear forms, orthogonal groups, and symplectic groups found 
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in [2], [3], [4], and [SJ. We review a few of these concepts for the purpose 
of establishing notation and to facilitate later reference. 
Let V be a quadratic space over the field F. The term, “field” is used 
to mean “field of characteristic 2.” Let 4 be the quadratic form and let 
its associated symmetric bilinear form be denoted by ( , ). 
If U is a subspace of V we use 4 and ( , ) to denote the forms induced 
on U and U* to denote the orthogonal complement of U. We say that ZJ 
is defective if Z’n U* # 0 and totally defective if UC U*. If U is not 
defective and non-zero we say that U is non-defective. If U is defective 
and q(x) = 0 for some non-zero s in U n Zi* we say that U is degenerate. 
If ZT is defective but not totally defective then U = E @ (U n U*) where 
E is non-defective and (e, u) = 0, Qe E E, Qu E U IT U*. Such a sum is 
written U = E 1 (Zi n U*). Note that E is not unique. In particular we 
have V = E 1 V*. It is customary to call dim V* the defect of LT. Since 
our results necessitate an assumption on dim E we call it the non-defect 
of V; we use 2m to denote this dimension. 
Now assume that V is a defective space that is not totally defective and 
not degenerate. Let O(V) d enote the orthogonal group of V and let 
V = E 1 V*. If (T E O(V) then uV* = V* and, in fact, the assumption 
of non-degeneracy means av = v, Qv E k’* (of course aE # E in general). 
If e E E then u(e) = ui(e) + us(e) where ui(e) E E, us(e) E V* and such 
o,(e), i = 1, 2 are unique. It is easily checked (see [2, pp. 53-541) that 
u1 E Sp(E), the symplectic group of the space E. In fact u H u1 maps O(V) 
isomorphically onto a subgroup A of Sp(E). The group A can be defined 
directly in the following way. Let M = q( V*). Since V* is totally defective 
M is a non-zero F2 subspace of the F2 space F. Since V is not degenerate 
the F2 dimension of M equals the F dimension of V*. Then 
A = {u E Sp(E) / q(m) + q(x) E M, Qx E E}. 
We identify O(V) with A. Note that O(E) C A. The group A is generated 
by the symplectic transvections in A (see [2, Prop. 17, p. 551). 
Remark. If Ad is any F2 subspace of F and E is a non-defective quadratic 
space over F then 
S(E, II!?) = {u E 5$(E) I q(m) + q(x) E M, Qx E E} 
is a subgroup of Sp(E) and S(E, M) is (subject to the above identification) 
O(V) for an appropriate quadratic space V over F. In particular the cases 
M = (0) and M = F yield O(E) and Sp(E), respectively. 
NOTATION. (1) We will use A instead of O(V). 
(2) We will use A to denote an automorphism of A. 
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We assume some familiarity with the properties of involutions and 
transvections in symplectic groups as treated in [2], [3], and [4]. Some of 
these concepts will now be briefly treated. 
If 7 is a symplectic transvection then T = T,,~ when a E E, A EFand T”,~(x) = 
x + h(x, a)~, VX E E. Then T@,~ is in d if and only if X + X2q(a) E q( V*). 
In particular if a E E there exists h E F, h # 0, such that A contains 7U,A 
(e.g., if p(u) f 0 take X = q(u)-l; if q(u) = 0 take any X in q( p’*), X # 0). 
We will utilize the residual space-fixed space terminology of [5]. Namely, 
if u E Q(E), R = (u - 1)E is called the residual space of U, dim R is called 
the residual index (abbreviated res space 0 and res 0, respectively), and 
P = (X E E / ux = X> is called the fixed space of 0’. Since P = kernel(u - 1) 
we have dim R + dim P = dim E, R* = P, and R = P*. 
If 0 has res space R and fixed space P then ZUZ-~ has res space ZR and 
fixed space ZP. In particular if Z and 0 permute then ZR = R and .ZP = P. 
Caution. In [4], P is used for the residual space of u. 
CONVENTION. If u, ui , u, ,... are elements of Sp(E) then R, R, , R, ,... 
will denote their respective residual spaces. Similarly P, P1 , P2 ,... denotes 
their respective fixed spaces. 
We say that a is __ if and only if R is - (twice insert any of the 
words defective, non-defective, etc. used to describe the geometry of sub- 
spaces). If (T is non-defective with res u = 2 we call u a non-defectiwe plane 
rotation. 
If u is an involution then R C P and res u < m. Since P = R*, u is 
totally defective and R A R* = R = P A P*. Conversely if o is totally 
defective then (T is an involution. Of course the symplectic transvections 
are the symplectic involutions of residual index 1. The residual space of a 
transvection is called its line. 
For the sake of reference we list the following results all of which are 
easily proved: 
1.1. Let 71 and r2 be non-trivial symplectic trunwections, then 71 and 72 
permute if and only if their lines are orthogonal. 
1.2. If u1 and D? are symplectic involutions with R1 C P2 then u1 and u2 
permute. 
1.3. If u1 and u2 are symplectic involutions with RX = R, then a1 and o2 
permute. 
1.4. If a, and o2 are symplectic involutions and at least one of them is a 
transuection then the following are equivalent: o1 and u2 permute o R1 C P2 o 
R, C PI . 
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If X is a subset of d then C(X) denotes the centralizer of X in A and 
c*(x) = {u E C(X) 1 L72 = 1). 
The proofs of the following three propositions are identical to the corre- 
sponding propositions 1.14, 1.15, and 4.10 of [4] : 
1.5. If 7 is a non-trivial transvection in A with line Fa then 
C(T) = {u E A ) aa = a}. 
1.6. If r1 and 72 are non-triviaZ tvansvections in A then C(T~) = C(T~) 
if and only if 71 and rz have the same line. 
1.7. If a, and u2 are involutions in A then 
C(,) C C(q) =+- C*(ul) C C*(u,) a R, C RI . 
2. ACTION OF rl ON NONDEFECTIVE PLANE ROTATIONS 
In this section we show that Au is non-defective if u is a non-defective 
plane rotation. The method is to apply centralizing techniques. 
2.1. Let u be a defective but not totally defective element of A. Then there 
is a non-trivial involution u1 in C(u) with the property that C(uJ # C(U) 
and u1 permutes with Zu$Y for all Z in C(u). 
Proof. Express R as IV I (R n R*), let u1 be a non-trivial transvection 
in A with line Fa in R n R*, and let 7 be a non-trivial transvection with 
line Fb where b E W, b # 0. Clearly u1 is in C(u), 7 E C(uJ, and 7 4 C(u). 
Now express a, as T,,~ and let .Z be in C(u), then ZT~,J-~ = 7za,n . But 
ZR = R and ZR* = R* since .Z’ and u permute. Hence .Z(R n R*) = 
R n R*, (Z’a, a) = 0, and ZT~,J-~ and T~,~ permute. Q.E.D. 
2.2. Let a be a non-defective plane rotation in A and let aI be a non-trivial 
involution in C(u) with C(u) # C(q). Then there is a ZY in C(u) such that 
u1 and ZulE1 do not permute. 
Proof. (1) We first do the case in which U, is not a hyperbolic involution 
(i.e., (ulx, x) # 0 some x in E). 
The assumptions concerning a, mean u,R = R, uIP = P, (uI 1 R) 
permutes with (u 1 R) and (ul / R)2 = IR . Hence u,r = Y for all r in R. 
Select x in E with (uP1c, X) # 0. Expressing x as x = r + p where r is 
in R and p is in P and computing (a,~, X) we see that we may assume that 
x is in P. Let 2 be a non-trivial transvection in A with line Fx. Then .Z E C(u) 
by 1.5, Z+F is a non-trivial transvection in A with line F(Zx) and .Zc$F 
and ,Z do not permute by 1.1. 
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(2) Now assume that o1 is hyperbolic. Hence u1 is not a transvection. 
As in (1) we have ulr = r for all I in R and consequently R C Pi and R, C P. 
This allows us to express P as P = (R, @ S) 1 W where S is a totally 
defective subspace of P, dim S = dim R, = t, RI @ S is non-defective, 
andP,=R~R,~kV.Nowa,pl-~p,=Oforallp,inP,and(o-l)E= 
R, . Since E = PI @ S we can express any element rl of R, as us2 - s2 
for s2 in S (recall that a non-defective means E = R 1 P). Now (yl , sp) = 
( UlS2 - $2 7 sg) = 0 since u1 is hyperbolic. Choose s1 in S and r2 in R, with 
(Yl,Sl) = 1, @Z,S2) = 1, and (rl , s2) = 0 and extend (yl , r,} to a base 
{Ye}:,, for R, where (sl , ri) = (s2 , f-0 = 0 for 3 < i < t. 
Now select non-trivial transvections T.+~ and 7g B in d with lines Fs, 
and Fs,, respectively. Let C = 7s,,ars,V4 . Since a%:. = si , i = 1,2, Z is 
in C(u). We claim that u1 and &J-1 do not permute. 
It is enough to show that a,(ZRl) # ZR, . Computing we find that 
Zri = yi if i > 3, Zrzl = rl f as1 , and Zr, = y2 + /3sz . But ul(r2 + /3sJ = 
rz + /3sf + /3~~ and this is not in ZR, . Q.E.D. 
2.3. If u is a non-defective plane rotation then Au is non-defective. 
Proof. Apply 2.1 and 2.2. Q.E.D. 
3. ACTION OF /1 ON TRANSVECTIONS 
In this section we show that (1~ is a transvection whenever 7 is a transvection 
provided the following two conditions are satisfied: (1) the non-defect of 
the underlying space is at least 6, (2) any ternary F2 subspace of F intersects 
q( V*) non-trivially. Note that condition (2) is automatic if [F: F2] < 2 
(e.g., if F is perfect, algebraically closed, or a local or global field). 
The method of proof is as follows: we first show that if 71 and fl~~ are 
non-trivial transvections and 72 is a transvection that does not permute 
with 71 then (1~~ is a transyection (see 3.4); we then prove a similar result 
in the case that 72 and 71 permute (see 3.5); we then show that there is some 
non-trivial transvection TV such that /1~~ is a transvection (see 3.14). The 
first two of these results rely heavily on the results of Section 2 while the 
third uses the method of proof of the analogous result in [4]. The condition 
(2) cited above is necessary in our proof of 3.8. 
CONVENTION. Condition (2) will be referred to as property (*). 
3.1. Let U be a totally defective subspace of E. Let W = Fx + U for 
some x in E. If P is a non-zero non-defective subspace of E and P is contained 
in W then P is a plane. 
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Proof. If x is in U* then W is totally defective and hence contains no 
non-zero non-defective subspaces. Thus we may assume that x is not in U* 
and W contains a non-defective subspace P of dimension 4. 
Let {ei IfiL be a symplectic base for P. Express e, = awe + ur , 
f,=/3x+u,withar,/3inFanduiin Ufori= 1,2.LetP,=FeI+FfI. 
Then e,’ = j3e, + afi is a non-zero vector in PI n U. Select fi’ in PI with 
(er’, fi’) # 0. Then fi' = 6x + us with 6 i 0, us in U and (er’, x) # 0. 
Similarly if Pz = Fe, + Ff2 we can find e2’ and fi’ in Pz with ea’ in 17, 
fi’ = cx + u4 , G # 0, u4 in U and (ea’, x) # 0. Then 
(eI’,f2’) = (e,‘, 6x + u4) = E(el’, x) + 0. 
But (e,‘, fi) = 0 since PI and P, are orthogonal. Q.E.D. 
3.2. If 7 is a transvection and u is an involution with o # 7 and 7u non- 
defective then res(Tu) = 2 and res u < 2. 
Proof. The assumptions imply that both u and 7 are non-trivial. Let 
Fx be the line of r. Then res space TU is a non-defective subspace of Fx + R. 
Since u is a non-trivial involution R is totally defective and 3.1 shows that 
res 70 = 2. The rest follows since (J = ~(7,). Q.E.D. 
3.3. Let cr be a non-defective plane rotation. Then m = ~~~~~~~~ where 
R = Fx + Fy. Moreover if y is any element of R with (UT, y) # 0 then we 
can choose x = uy + y. 
Proof. We first show that (uy, y) # 0 for some y in R. Express R = 
FY + Fs with (I, s) = 1. Assume (UY, Y) = 0 = (us, s). Then ur = 6r and 
us = 6-4 where 6 # 0, 1. Then choose y = r + s. 
Now set x = uy + y and OL = (ay, y)-l. An easy computation shows that 
T2.a is in d and ~&u(y)) = y. Hence T~,&(T = 7r.B for some /3. Clearly 
R =Fx+Fy. Q.E.D. 
3.4. Assume that aI and Au, are non-trivia/ transvections. Let u2 be a 
transvection that does not permute with a, . Then Au, is a transvection. 
Proof. Let u = uzu1 . Then u is a non-defective plane rotation and 
hence Au = u’ is non-defective by 2.3. Set ui’ = Aui , i = 1, 2, and use 
RI’, Re’, and R’ for the residual spaces of q’, era’, and u’. Then R’ _C R,’ + R,’ 
and R’ is a plane by 3.2. 
Let a, = 7z,oL and let q’ = ~~,s. 
If (u’z, z) = 0 then u'T~,~u'-~ and r,*e permute by 1.1. This means that 
*TX*8 -l and Tr,a permute and hence by 1.1 (ux, x) = 0. This is absurd 
since ax = x + Sy when us = T#,~. Hence (u’z, a) # 0 and u’ = ~~~~~~~~ 
by 3.3. But u’ = us’ . a,’ = uz’ . Tz.e. Thus us’ = Twmp. Q.E.D. 
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3.5. rZssume that q and Au, are non-trivial transvections and that a2 
is a transvection that permutes with aI . Then Aa2 is a transvection. 
Proof. Let Fx and Fy be the lines of ur and us, respectively. Then 
(x, y) = 0 by 1 .l. Choose .z with (x, z) # 0 and (y, .z) # 0. Let ua be a 
non-trivial transvection in d with line Fz. Now apply 3.4 twice. Q.E.D. 
3.6. If A,ul is a transvection for some non-trivial transvection u1 then 
flu, is a transvection for all transvections a, . 
Proof. Apply 3.5 or 3.6. Q.E.D. 
3.7. Let R be any totally defective subspace of E, then there is a u in A 
with res space u = R. 
Proof. Let R = @I=, FXi . For each i select non-trivial transvections 7i 
in A with line Fxi . A straightforward computation shows that nI=, 7zr has 
res space R. Q.E.D. 
3.8. Let u be an involution in A with res u > 3. If R is not degenerate assume 
that F has the property (*). Then there is an involution 2 in A such that .&Z-l 
and u permute, res space uZUZ-~ is contained in R and res uZu.Y1 = 2. 
Proof. We select a symplectic base {xi , yi}Er for E in which u has the 
form given in 4.7 of [4]. 
Let Y = res u. Then R = &r Fxi and 
P = R 1 (Fx,,, OFyr+d -L ... -L (FG 0 OJ,). 
We may assume that q(xl) is in q(V*). 
Now select 01, ,!3, y such that ~~~~~ , ~~,,a nd lya,Y are non-trivial transvections 
in A- Then T~,+~,,B and ~~~~~~~~ are non-trivial transvections in A. 
Now the form of u as given in 4.7 of [4] is one of two forms depending 
on whether u is hyperbolic or not. 
If u is hyperbolic then u in the above base is 
1 
uxi = xi , 1 <i<m, 
4yi = Yi + Xi+l 9 1 < i < Y, i odd, 
KY, = Yi + Xi-l, 1 < i < Y, i even, 
gYi = Yi 3 r+l<i<m. 
If u is not hyperbolic then u in the above base is 
juxz = xi, 
(Vi = Yi + xixi 9 with /\i = 0 if Y + 1 < i. 
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In the hyperbolic case let Z = ~~,,~7~,+~~~,+~,+. Then Z acts on 
(xi ,yj}~zl as follows: 
I 
22xi = xi ) i 7= 3, 
2x3 = x3 + ys1 ) 
Zjj=yj, ii 1, 
zjl = Yl + (a + Yh + YY3. 
In the non-hyperbolic case let Z = T,,,,T,~,~~,~+~,,~. Then Z acts on 
{Xj , J’i}~J as fOllOWS: 
zxj = xi , i + 2, 
zxz = xp + /8x1 ,
zjli = Yi 7 if 1, 
zjl = Yl + (a + B)% + PYa * 
Clearly Z is an involution and o permutes with Z&-t in both cases. 
In the non-hyperbolic case res space O&Z-~ = Fx, 1 Fx, . In the hyperbolic 
case r > 4 and res space &%Z-i = Fxl _L Fxq . Q.E.D. 
We use N to denote conjugacy in A. If X is any set of involutions in X 
and 4 is in C*(X) then C,(X) = (u E C(X) 1 u N qS>. Note that q5 is in 
C,(X) if 4 is in C*(X). If u1 and a, are permutable involutions then CJq) 
and C,lCOt(ul) are defined and the latter contains u1 . 
3.9. Assume that 2m 2 4, Let u1 and u2 be permutable involutions in A 
with res u1 = 1 OY res ug = 1. Then 
{u - 01 I R = 41 C Co,Ca,h). 
Proof. As in 4. I1 of [4]. Q.E.D. 
3.10. Assume that 2m > 4. Let u1 and up be permutable involutions in A 
with res u1 = 1 and res u2 3 1. Suppose that C(q) # C(ue). Then 
C&‘&d = {u - 01 I R = Rd. 
Proof. As in 4.12 of [4]. Q.E.D. 
3.11. Assume that F has propert?, *. Zf aI is a transvection in A then 
1 < res flu1 < 2. 
Proof. As in 4.13 of [4]. Q.E.D. 
3.12. Assume that 2m > 4. Let ~1 and u8 be permutable involutions in A 
with res ~1 = 1 or res u2 = 1. Then 
{U E A / 2 = 1 with R C R,) C C*COl(q). 
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Proof. As in 4.14 of [4]. Q.E.D. 
3.13. Assume 2m > 4. Let al and ue be permutable involutions in A with 
res q = 1 and 1 < res Us < 2. Assume R, n R, = 0. Then 
C*Co,h) = GJ E A I u2 = 1 with R C R,}. 
Proof. As in 4.15 of [4]. Q.E.D. 
3.14. Assume that 2m >, 6 and that F has property (*). Then there is a 
transvection q in A such that Au, is a transvection. 
Proof. As in 4.17 of [4]. Q.E.D. 
3.15. Assume that 2m > 6 and that F has property (*). Let u be a non- 
trivial transvection in A. Then Au is a non-trivial transvection in A. 
Proof. Apply 3.14 and 3.6. Q.E.D. 
4. THE AUTOMORPHISMS OF d 
Recall that a semilinear isomorphism g of E is said to preserve orthogonality 
if (gx, gy) = 0 whenever (x, y) = 0; x, y in E. If p is the field automorphism 
associated with g then g preserves orthogonality if and only if (gx,gy) = 
~r((x, y)~) for all x, y in E and some non-zero OL in F (see 2.2 of [4]). If T,,~ 
is a symplectic transvection and g preserves orthogonality then gr,,Ag-l = 
T~~,,+~.-I (see 2.4 of [4]). 
Now let (1 be an automorphism of A where the non-defect 2m is at least 6 
and F has property (*). Let I be a line in E and let T be a non-trivial transvec- 
tion in A with line 1. By 3.5, A 7 - 7’ is a non-trivial transvection with 
line 1’. The correspondence I+ I’ is independent of the choice of 7 and 
injective by 1.6. It is clearly surjective (look at (1-l). Hence fl sets up a 
bijection of lines 1 + 1’. If TV and 72 are non-trivial transvections with lines 
II and 1, then (Ii , 1,) = 0 if and only if (II’, 1,‘) = 0 (apply 1.1). 
Now let H be a hyperplane in E and let 1 be any line in H. Then the 
lines 1 and H* are orthogonal. As shown above I’ and H*’ are orthogonal 
and hence 1’ is contained in the hyperplane H*‘*. Hence the Fundamental 
Theorem of Projective Geometry applies to produce a semilinear isomorphism 
g of E such that gl = 1’. Clearly g preserves orthogonality. 
4.1. Assume that @ is an isomorphism from A into Sp(E) that has the 
following property: whenever 7 is a non-trivial transvection in A then @T is a 
non-trivial transvection in Sp(E) with the same line. Then @A = A and @ is 
identity on A. 
122 EDWARD A. CONNORS 
Proof, Since A is generated by its transvections it is enough to show 
that @s = r for every transvection T. By assumption 6 and 7 have the 
same line 1. It is enough to show that (&)r1, = Zr for all lines /r . 
Let or be a non-trivial transvection in A with line 1, . Now the line of ds,, 
is also I1 by assumption. Consider the transvection (@T)(@T~)(@T)-l. Its 
line is (&)I1 . But the line of @( rrrr-l) is the same as the line of TT~T-~ which 
is TZ~ . Hence (@T)TZ~ = lr for all lines Zr . Q.E.D. 
For a moment assume that E is an arbitrary regular symplectic space 
with form ( , ), i.e., E is not assumed to be an underlying non-defective 
part of the quadratic space I”. Let g be a semilinear isomorphism of E. 
If 0 is in Sp(E) let 4,(u) = gag-‘. Then $, is an automorphism of Sp(E) 
if and only if g preserves orthogonality (see 2.3 of [4]). Conversely if 
dim E >, 6 then every automorphism (1 of Sp(E) has the form /l = 4, 
for some semilinear isomorphism of E that preserves orthogonality (see 5.1 
of [4]). If g, and g, are semilinear isomorphisms of E that preserve ortho- 
gonality then C,, = &,, if and only if g, -= ag, for some 01 in F (see 2.9 of [4]). 
If G is a subgroup of Sp(E) and g is a semilinear isomorphism of E we 
say that 4, is on G if and only if 4,(G) = G. If Q%, is on G we also use 4, 
for 4, restricted to G. 
Now we return to our previous situation in which E is “the” underlying 
non-defective part of the quadratic space V and A is O(V) (considered as 
a subgroup of Sp(E)). 
4.2. Let g be a semilinear isomorphism of E with underlving jield auto- 
morphism CL. Then c$, is on A if and only if for all x, y in E and some non-zero 01 
in F, (gx, gy) = 4(x, ~9”) and 4q(aY’) + q(g(a)) + 4-l + q(a)) is in q(l’*) 
whenever T,,~ is a non-trivial transvection in A. 
Proof. Assume that 4, is on A. Let s and y be non-zero orthogonal 
vectors in E. Let r1 and ~a be non-trivial transvections in A with lines Fx 
and Fy. Then r1 and ~a permute by 1.1. Now grrg-l and gr,g-l are permuting 
elements of A since 4, is on A. Clearly they are non-trivial transvections 
with lines F(gx) and F(gy). Hence (gx, gy) = 0 by 1 .l. Thus g preserves 
orthogonality and hence by 2.2 of [4] (gx, gy) = OI((X, y)“) as claimed. Since 
g preserves orthogonality +,(T~.~) = T~~,+~+ by 2.4 of [4]. If TV.,\ is a 
non-trivial transvection in A then 4, on A means that ~~~~~~~~~ is in A. 
Hence ol(q(a)u) + q(g(a)) + ar(X-l + q(a)) is in q(V*). 
The other implication follows by applying 2.2 of [4], 2.4 of [4], and our 
condition for a non-trivial transvection to be in A. Q.E.D. 
4.3. Let g, and g, be semilinear automorphisms of E with I$,, and +,, cm A. 
Then $,, = &, if and only if g, = yg, for some y in F. 
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Proof. g, and g, preserve orthogonality by 4.2. Hence q$, and &,, induce 
automorphisms of Sp(E). If g, = ‘yg, then $,, = 4,” on Sp(E) by 2.9 of [4]. 
Hence $,, = $,, on A. 
Now assume &,, = $,, on A. Let a be in E, and let T,,~ be a non-trivial 
transvection in A with line Fa. Since g, and g, preserve orthogonality 
C,fid = T,~,,~ and hI(Td = Tg2fl.6. Hence gda) = mg2(4 If a and b 
are independent then yn+b = y. = yb . Hence y. is constant. Q.E.D. 
4.4. THEOREW Assume that 2m > 6 and that F has property (*). Let 
A be an automorphism of d. Then A = 4, where g is a semilinear isomorphism 
of E that possesses the properties mentioned in 4.2. Moreover g is unique up 
to a multiple of a non-zero element of F. 
Proof. A gives rise to a semilinear isomorphism g of E as described 
at the beginning of this section. Note that g preserves orthogonality and 
hence 4, is an automorphism of Sp(E) and &(T~,~) = ~~~,,,p~-r. In light 
of 3.5 we may apply 4.1 to @ = $;‘A = +,-IA. The uniqueness claim 
follows from 4.3. Q.E.D. 
4.5. COROLLARY. Assume that [F: F*] isfinite. Let E be a regular alternating 
space over F of dimension 2m 2 6. Then A is an automorphism of Q(E) if 
and only if A = 4, where g is a semi-linear automorphism of E that preserves 
orthogonality. 
Proof. Let {ei , fi>El be a symplectic base for E. Construct a defective 
not degenerate quadratic space V over F which has the following properties: 
(1) I’ contains E as a non-defective subspace (in particular the bilinear 
form on I7 restricts to the original form on E). 
(2) q(F*) = F. 
Now O(V) = Sp(E). The rest is obvious. Q.E.D. 
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